Introduction
The assumption that our Universe may be a four-dimensional hypersurface embedded in a background spacetime of higher dimension has a long history, starting with the work of Kaluza and Klein 1 , up to the recent theory baring the names of Randall and Sundrum 2 . Alternative models, with one or two branes embedded in a five-dimensional bulk, where the matter is trapped in 4D manifolds and gravity only propagates in the five dimensional bulk, have attracted an enormous attention, mainly after it has been stated that the extra dimensions might explain the matter confinement in our four dimensional universe 3 . In the RS type II model the matter being practically expelled from the brane, additional mechanisms have been proposed, as for example the one based on a Lagrangian with spontaneously broken Z 2 -symmetry 4 . Since it is well known that different types of topological defects may have been formed in the early universe after Planck time by the vacuum phase transition, these objects, originally defined in four dimensions, have been recently considered as living in an n−dimensional submanifold embedded in (4 + n)−dimensional Universes 5 . Thus, starting with one extra dimension (the domain wall) 6 , the investigations went on with two additional extra dimensions: the cosmic strings 7 , and with the socalled magnetic monopoles (with three extra dimensions) 8 . In this context, there have been investigated the vacuum polarization effects associated with a quantum massless scalar field propagating in a (p + 3)−dimensional bulk, our Universe being represented by a transverse flat (p − 1)-dimensional brane, and the global monopole living in the transverse three-dimensional sub-manifold has its core on the brane. In has been pointed out that these vacuum polarization effects are crucially depending on the values of p 9 . If the four-dimensional slices are Minkowskian the situation looks simpler since one may employ a first-order formalism, inspired from supergravity, to generate solutions 10 . As the localization of bulk fermions in warped brane world models have always been an interesting area of study, especially from phenomenological point of view, the case when the brane is a cosmological manifold, which is the aim of the present work, has not been considered to a large extent. 
The Geometry
Let us start by considering the 5-dimensional space described by the metric ds
where the warp factor depends only on the extra dimension, x 5 = z and
is the Lorentzian metric of the S
3
×R spacetime, with a = const., 0 ≤ θ ≤ π/2 , 0 ≤ α , β ≤ 2π and x 4 = t. We are introducing the pseudo-orthonormal frame {e a } a=1,5 , whose corresponding dual base is
so that ds
. Using the first Cartan equation 11 ,
we derive the 5D Levi-Civita connection 1-forms:
From the second Cartan equation we get the essential components of the Ricci tensor,
leading to the scalar curvature
By inspecting the Einstein equations:
one may check that no scalar field can be used to support such geometries. Thus, we are using as a source a perfect fluid of energy-momentum tensor
in a comoving frame, u 4 = −1 and (u α , u 5 ) = 0. Thence, the system (7) turns into the essential differential equation
which is satisfied by the solution
where a is the S 3 radius, b and C are the integration constants. The corresponding warp factor,
has been obtained, in a similar form, namely
where
and Ω is the positive induced brane cosmological constant, in R. Koley 12 They considered a constant curvature brane spacetime, described by a general warped metric
where the scalar mass warping is achieved through the warp factor e f (krπ) = m/m 0 = 10 −n , as in the original RS model.
Massless Scalar Fields
The present article is investigating the possibility of fermions localization on visible branes, by coupling them to some scalar fields leaving in the bulk. A general analyzes of the Gordon equation has been the aim of the previous paper : M. A. Dariescu, C. Dariescu and A. C. Pîrgie, Chaos, Solitons and Fractals, 42 (2009) 247. Now, after summarizing the main results, we derive the massless boson wave functions which are going to be employed in the next section, devoted to the chiral fermions confinement mechanism.
The massless real scalar field evolving in the spacetime endowed with the metric (1), minimally coupled to the bulk gravity, is described by the Lagrangian
and the corresponding 5D Gordon-type equation reads
where ∆ is the Laplace-Beltrami operator on
With the metric function (10) and the separation of variables
the Gordon equation
is leading to the following system:
With the change of variable and function: w = √ bz and
one comes to the following differential equation for the G−part:
. By comparing the above expression to the well known differential equation
one may conclude that the solutions we are looking for are the thorus functions,
with = 2 and
with the series expansions:
In the followings, we are using the Q-part of the general solutions, which can be expressed in terms of hypergeometric functions as
On the other hand, from the quantization condition (22), we obtain the mass spectrum:
which, for m ∈ ± 
At the end of this section, let us give the analytic expressions of the extra-dimension depending wave functions.
Since the case m = 0 represents a specific situation and has intensively worked out in literature 13 , in the followings we shall concentrate on the other possible m −values.
If 2m + 1 is an even number, the hypergeometric function in (23) is a polynomial of degree m − 1/2, while for 2m + 1 an odd number, this function is an infinite series.
m = ±3/2
This case corresponds to M = 0 and it describes a massless boson. As we have already mentioned, the relevant hypergeometric function F (2, −1, + 1; 1/(1 − e 2w ) is a polynomial of degree 1. Thus, from (23), we get, for m = 3/2 and m = −3/2, the expressions: 
where = 2.
m = ±1/2
In this case, the expression (23) turns into the simple modes:
while the Z's corresponding functions are respectively given by
3.3 m = ±1
As we have mentioned, for 2m +1 an odd number, the associated Legendre function is an infinite series, and one may use the integral representation:
Fermions in the bulk
Let us turn now to the aim of our investigation by considering the fermions minimally coupled to the bulk gravity as being described by the following Lagrangian
where D a , with a = 1, 5, are the gauge derivatives
and M is the bulk mass operator. The curved space gamma matrices
are expressed in terms of the usual four dimensional Dirac matrices in Kramers representation,
where {σ µ } µ=1,3 and I 2×2 are respectively the Pauli matrices and the unit matrix.
The Dirac-type equation in the bulk coming from the Lagrangian (31),
has the explicit form
and the Minkowskian ∂ i 's have been replaced with the angular momentum operators on S 3 , L α , namely
and L 4 = ∂ t . Together with S i these will turn into the total momentum operators
With the spinor decomposition
the five-dimensional Dirac equation (36) leads to the following system:
The first equation in (37) describes the four dimensional massless fermions evolving on S 3 × R, which has been analyzed in details in some of our previous papers 14 .
In the followings, we are focussing on the second equation of (37), in the M = 0 case.
For the metric function (10) leading to the warp factor (11), with C → 0, the equation (37.b) turns into
whose solution:
is represented in Fig. 1 . One may easily see that, irrespective of their chiral state, such particles are exponentially decaying away of the z = 0 Einstein (singular) brane [12] . Next, let us analyze the behavior of the chiral massless fermions in the presence of the scalar field in the bulk and admit a direct interaction introduced by the Yukawa coupling term in the Lagrangian
With w = √ bz, the equation (37.b) turns into
being satisfied by a more complicate solution, depending on the explicit form of Z(w). For the boson wave functions derived in the previous section, the solutions of the Dirac equation (40) are:
Conclusions
Recently, there has been given a considerable attention to the problem of confining matter fields on different types of branes. It has been shown that the real scalar fields can be localized on thick branes with dS and AdS backgrounds, without additional conditions, while for spin 1/2-particles one needs a kind of Yukawa coupling.
The present paper deals with massless chiral fermions evolving in a 5D manifold, where the four-dimensional slices are the S 3 ×R spacetime.
After solving the Gordon equation, we derive the wave functions characterizing the fermions in the bulk.
By adding an Yukawa-coupling term, we analyze the chiral particle confinement on the brane. The main conclusion is that, irrespective of m -value, there is a certain tendency of localization of the left-handed fermions.
For m = ± 1 2 and m = − 3 2 , once the coupling becomes weaker, the increasing maximum value of the amplitude is moving towards the {z = 0}-singularity, while for the m = +3/2 case, once the constant of coupling becomes stronger, these modes are more and more confined away from the singularity. 
